INTRODUCTION
A musical interval is generally considered to be consonant if it sounds pleasant or restful; a consonant interval has little or no musical tension or tendency to change. Dissonance is the degree to which an interval sounds unpleasant or rough; dissonant intervals generally feel tense and unresolved. The auditory system typically perceives certain intervals as consonant (such as the octave and fifth) while other intervals are perceived as dissonant (such as the minor second or major seventh}. Noting that the consonant intervals tend to be associated with simple ratios of frequency suggests that people might naturally be biased toward such "simple" intervals.
In the previous century, Helmholtz 3 suggested that the perception of consonance and dissonance could be understood in terms of the presence or absence of rapid beating between the sinusoidal components of a complex tone.
Plomp and Levelt 2 coneretized this in a series of experiments in which subjects reported the relative consonance of intervals of pure sine waves. The resulting curves exhibit none of the complexities expected from studies conducted with musical timbres. Figure 1 shows a family of such curves (which are averaged curves obtained from Ref. 2), each curve covering a different frequency range. All have the same qualitative properties: They begin at unison with high consonance (which appears in Fig. 1 as zero dissonance), and rise rapidly to a maximum dissonance, then slowly decrease. This argues against a natural preference for simple ratios, since the thirds, fourths, fifths, and octaves are undistinguished in these plots.
Plomp and Levelt explained perception of musical intervals by noting that most "musical tones" have a spectrum consisting of a root or fundamental frequency, and a series of partials that occur at integer multiples of the fundamental as in Fig. 2 . Assuming that the total dissonance between two complex tones is the sum of the dissonances of all the sinusoidal components leads to the curve in Fig. 3 (see Ref. 4 for an alternate method of combining the sinusoidal dissonance curves}. Observe that this curve, which we call the dissonance curve generated by the timbre of Fig. 2 , contains major dips at intervals of a fifth and an octave. It also has local minima at most of the 12-tone equal-tempered scale degrees: The major and minor thirds, the fourth, the major sixth, and the seventh (scale steps 4, 3, 9, and 10, respectively). Thus intervals which occur at points of local minima in the dissonance curve are perceived as relatively consonant.
This correlation between consonant intervals and the points of local minima of the dissonance curve suggests two interesting avenues of investigation. Given an arbitrary timbre T (perhaps one whose spectrum does not consist of a standard harmonic series), it is straightforward to draw the dissonance curve generated by T. The local minima of this curve occur at values which are good candidates for notes of a scale, since they are (locally) points of minimum dissonance (or maximum consonance). Alternatively, given a desired scale (perhaps one which divides the octave into n equal pieces, or one which is not based on the octave), one can find timbres which will generate a dissonance curve that contains local minima at precisely these scale degrees.
The relationship between timbre and scale was first explored in Pierce's brief note, s which reported synthesizing a timbre designed specifically to be played in an 8-tone To make the discussion more concrete, Sec. I parametrizes the Plomp-Levelt curves with a model that is used throughout the paper. This model is studied in detail in the second section, which explores the principle of local consonance and derives results about the existence and place- Finally, the dissonance curve generated by the timbre F is defined as the function Dr(a) over all intervals of interest Figure 3 is the dissonance curve generated by the timbre of Fig. 2 over a range slightly larger than an octave, i.e., for 1<a<2.2. The model predicts that the most consonant interval is the unison, followed closely by the octave. Next is the fifth, followed by the fourth, the major third, the major sixth, and the minor third. These agree with standard musical usage. Looking at the data closely (see Table I ) shows that the minima do not occur at exactly the scale steps of the 12-tone equal-tempered scale. Rather, they occur at the nearby simple ratios 1:1, 2:1, 3:2, 4:3, 5:4, and 5:3, respectively. These are exactly the locations of notes in the "justly intoned" scales.
• Thus qualitatively, dissonance calculations using harmonic timbres agree with musical experience and expectations.
It would be naive to suggest that truly musical properties can be measured in terms of a simple consonance. Even in the realm of harmony (and ignoring musically essential aspects such as melody and rhythm), consonance is not the whole story. Indeed, a harmonic progression that was uniformly consonant would likely be boring. Harmonic interest arises from a complex interplay of dissonance (restlessness) and consonance (rest).
Perhaps the most striking aspect of Fig. 3 is that many of the scale steps are coincident with local minima of the dissonance curve. Intervals which occur at points of local minima of the dissonance curve are perceived as relatively consonant. This observation forms the basis of the principle of local consonance. A timbre and a scale arc said to be related if the timbre generates a dissonance curve whose local minima occur at scale positions.
Note that the shape of the dissonance curve is highly dependent on the frequencies (and amplitudes) of the components of the timbre. Changing these frequencies (and amplitudes) changes the location and depth of the local minima. By the principle of local consonance, this will change the optimum scale on which the timbre should be played. Thus wc investigate scales and timbres which arc related in the sense that local minima of the dissonance curve occur at (or very near) scale steps. The next section provides a detailed examination of the dissonance model.
II. PROPERTIES OF DISSONANCE CURVES
For certain simple timbres, dissonance curves can be completely characterized. This section derives bounds on the number and location of points of local consonance, and reveals some general properties. Two simplifications are made to streamline the discussion in this section. A single 
IV. FROM SCALE TO TIMBRE
The optimal scale for a given timbre is found by locating the local minima of the dissonance curve. The complementary problem of finding an optimal timbre for a given scale, on the other hand, is poorly posed. This section demonstrates why there is no single "best" timbre for a given scale. "Locally best" timbres, however, can be specified as the solution to a certain multidimensional optimization problem which can be solved via global search methods such as the genetic algorithm. For certain types of scales (such as the m-tone equal-tempered scales) properties of the dissonance function can be exploited to bypass the search procedure. Fixing the vi and constraining the ai to a finite set are enough to avoid trivial solutions, but they are not enough to provide good solutions. While the scale steps do tend to have reasonably small dissonance values, they tend not to occur at points of local consonance (i.e., at minima of the dissonance curves). The following criterion counts the number of ai that are not minima: Indeed, the GA tends to return timbres which are well matched to the desired scale in the sense that scale steps tend to occur at points of local consonance and the total dissonance at scale steps is low. For example, when the 12-tone equal tempered scale is specified, the GA converges to harmonic timbres about • of the time. This is a good indication that the algorithm is functioning and that the free parameters (the 2,'s) have been chosen sensibly.
B. Timbres for an arbitrary scale
As an example of the application of the genetic algorithm to the timbre selection problem, a desired scale was chosen with scale steps at 1, 1.1875, 1.3125, 1.5, 1.8125, and 2. A set of amplitudes were chosen as 10, 8.8, 7.7, 6.8, 5.9, 5.2, 4.6, 4.0, and the GA was allowed to searclh for the most fit timbre. The frequencies were coded as 8-bit binary numbers with 4 bits for the integer part and 4 bits for the fractional part. The best three timbres out of ten trial runs of the algorithm were 2.39f,9.9275f,7.5625f, 11.4025f, 3.99f,   6 .37f, 10.6025f ).
The dissonance curve of the best timbre is shown in Fig.  10 . Clearly, this timbre is matched to the specified scale, since points of local consonance occur close to the scale steps.
C. Timbres for equal temperaments
For certain scales, such as the m-tone equal-tempered scales, properties of the dissonance curve can be exploited to quickly and easily design timbres, thus bypassing the need for an iterative solution to the constrained optimization problem (12). This insight can be exploited in two ways. First, it can be used to reduce the search space of the optimization routine. Instead of searching over all frequencies in a bounded region, the search need only be done over induced timbres. More straightforwardly, the timbre ,,;election problem for equal-tempered scales can be solved by careful choice of induced timbres.
Let
As an example, consider the problem of desig•ing timbres to be played in ten-tone equal temperament. Ten-tone is often considered one of the worst temperaments for harmonic music, since the steps of the ten-tone scale are distinct from the ( The problem of timbre selection for a specified set of scale tones is posed as a multidimensional optimization problem, and can be solved by "random search" methods. Because the optimization must be constrained to avoid trivial solutions, the amplitudes are specified a priori, limiting the selection of timbres to a choice of frequencies. Different timbres with different mixes of frequencies and amplitudes may solve the optimization problem equally well, implying that they are equivalent in terms of conso- All of the timbres mentioned in this paper were generated on a personal computer and downloaded to an En-soniq EPS sampler, where the appropriate scale could be easily defined in a "tuning table." Informal listening tests (using colleagues and friends) upheld the essential predictions of the principle of local consonance. One of the most convincing tests involved the stretched timbres of Sec. III B. Two tones were generated which were identical in all parameters except that one used A=2.0 (a normal harmonic timbre) and the other was stretched to A = 2.1 [as in Fig. 7(c) ]. Two scales were used, a standard 12-tone equaltempered scale, and a scale stretched so that the pseudooctave occurred at 2.1. The four possibilities were compared: (1) A=2.0 timbre with standard scale, (2) A=2.1 timbre with standard scale, (3) A=2.0 timbre with stretched scale, (4) A =2.1 timbre with stretched scale.
A list of adjectives was placed before the listeners (who were not told the purpose of the test) and they were asked to check those that applied. Overwhelmingly, cases (1) and (4) were described as pleasing, consonant, and musical, while (2) and (3) were described as dissonant, ugly, unmusical, and out-of-tune. Some of the more sophisticated listeners (i.e., those with significant musical training) also described (4) as out-of-tune. A similar test was conducted with the timbres of Sec. IV C which were specially designed for ten-tone equal temperament. Again, the related scale. s and timbres were judged consonant while the unrelated scales and timbres (such as the ten-tone timbre played in the 12-tone scale, and the 12-tone timbre played in the ten-tone scale) were judged dissonant.
Such informal tests cannot be taken too seriously, but they do indicate the need for more rigorous experiments. One subtlety that arises when dealing with nonharmonic partials is that it is important for the partials to fuse, to be perceived holistically as a single entity rather than as a collection of oddly placed sine waves. The advent of inexpensive musical synthesizers capable of realizing arbitrary sounds allows exploration of nonharmonic acoustic spaces, and the principle of local consonance provides guidelines on how to sensibly relate scale and timbre. More ambitiously, it is easy to imagine a whole orchestra of nonharmonic instruments capable of playing consonant music. The computational techniques of this paper allow specification of timbres and scales for such instruments. An important area for further investigation is how to engineer acoustic instruments so as to play in specified (nonharmonic) timbres and in related tunings. Ultimately, the test of the theory is whether it will be used to d'(x**)= (a/b)(t•+al/(ø-a)(a-b)=k(a-b) . 
